Exact Renormalization Group techniques are applied to supersymmetric models in order to get some insights into the low energy effective actions of such theories. Starting from the ultra-violet finite mass deformed N = 4 supersymmetric YangMills theory, one varies the regularising mass and compensates for it by introducing an effective Wilsonian action. (Polchinski's) renormalization group equation is modified in an essential way by the presence of rescaling (a.k.a. Konishi) anomaly, which is responsible for the beta-function. When supersymmetry is broken up to N = 1 the form of effective actions in terms of massless fields is quite reasonable, while in the case of the N = 2 model we appear to have problems related to instantons.
Introduction
An important feature of supersymmetric gauge field theories (supersymmetric Yang-Mills (SYM), supersymmetric QCD (SQCD), etc.) is that one can obtain the so called "exact results" for certain general class of models. One part of these exact results is the "non-renormalization theorem", which allows one to severely restrict the form of the effective (Wilsonian) action 1 . Now all such "exact results" are generally demonstrated by usual renormalized perturbation techniques, assuming moreover the existence of a finite cutoff preserving the relevant symmetries, i.e. rigid supersymmetry and gauge symmetry.
Beyond this, one adds the effect of instantons and appeals to the absence (in the case of supersymmetric models) of perturbative corrections to it.
It is clear that as long as one relies on such techniques, one remains in the regime of semi-classical approximations and the results obtained are, in principle, valid in the weak coupling limit only.
There are of course more direct, truly non-perturbative methods which are based on the straightforward evaluation of the relevant path integrals. They are: I. the lattice approximation 2 ; II. the Exact Renormalization Group (ERG) approach 3, 4 . With these techniques, one has the possibility of altogether leaving the semi-classical regime and obtaining truly non-perturbative (exact) results. Unfortunately, both methods suffer from "technical" problems that cause their applications to supersymmetric (SUSY) gauge field theories (GFT) to be rather problematic at present. In the lattice approximation, one has to deal with the problem of proper lattice definition of chiral or Weyl fermions (i.e. neutrinos), which makes the realization of SUSY on the lattice difficult. In the ERG approach, on the other hand, one encounters the difficulty of defining a cutoff scheme which is compatible with gauge symmetry at arbitrary finite cutoff value.
Recently, there has been considerable progress in understanding both of these problems, i.e. chiral fermions on the lattice 5 and gauge invariance of ERG 6 . However, this progress is still far from producing simple and exact rules to be applied to the actual calculations and demonstrations of theorems.
In the present note, we would like to propose a method which, in view of the difficulty encountered with gauge invariance, circumvents the cutoff problem in the ERG approach. In fact, our method consists in reformulatingà la Polchinski 3 the original ideas by Arkani-Hamed and Murayama 7, 8 . Just as in the case of 7, 8 , the main ingredients of our methods are the following: I. the existence of ultra-violet (UV) finite models with extended supersymmetry; II. rescaling anomaly in N = 1 SUSY GFT (Konishi anomaly) which influences the relevant ERG equation in an essential way 12, 13 . We will explain these ideas in what follows below.
UV finite models and their mass deformations
The authors of 7, 8 have "regularised" N = 1 SUSY GFT as the mass deformation of N = 4 SYM theory. Similar models (the so called N = 1 * models) have been studied by several authors in different contexts 9 . The model is given by the classical action
, which reads (written in terms of N = 1 superfields and in the "holomorphic" representation)
(1) This model, just as the original N = 4 SYM theory without mass terms, is believed to be finite. It has been shown that, at the perturbative level, all the UV divergences cancel out 10 . Kovacs 11 has analysed again this model and his calculations bear out the older claims.
At the perturbative level, the model suffers from apparently severe infra-red (IR) divergences, which are, however, totally absent in the particular choice of gauge α = 1 11 . One may hope, therefore, that there is no divergence at all in gauge invariant correlation functions.
In this note, we take up the most (and perhaps unjustifiably) optimistic point of view, i.e. that the model is really finite at the non-perturbative level and the quantum partition function
can be well defined, perhaps with the usual procedure of gauge fixing a . As for the physics represented by eq. (2), while at large energy scales, M i + h.c., and the latter standing for S M and the renormalized source terms as well (cf eq. (5)).
We introduce the RG flow generating function (the "RG kernel" according to Morris 14 ),
and the corresponding infinitesimal change of variables
Under the FRD transformation, eq. (7), Z M must remain invariant
(8) In the r.h.s. of eq. (8), the first term is the Jacobian for the functional measure under the transformation eq. (7) while the second term is the variation of S tot M . One can write eq. (8) in short hand as
The above relations are trivial, however eq. (9) implies that if S tot M varies with M according to
b We have anticipated the necessity for a contact term.
then Z M stays unchanged under the infinitesimal change S M → S M+δM .
Eq. (10) corresponds to the weak form of Polchinski's equation 3 . One might ask here whether it is possible to take away the functional average sign · and satisfy the strong form of Polchinski's equation
We will comment on this later on and, for the moment, carry on with the original equation (10) . Substituting eq. (6) into eq. (10) yields 
(13) It is easy to solve the differential equations for f and g, the solutions corresponding to the given initial conditions being f (M ) = δϕi(p) . Such a term, discarded in Polchinski's original work, is of great importance when dealing with SUSY GFT, as we pointed out in 13 . Indeed, ∆ is closely related to the anomalous Jacobian (Fujikawa-Konishi determinant) under the rescaling transformation ϕ i = exp[δα] ϕ ′ i , where δα is a chiral superfield as well.
where t 2 (A) is the Dynkin index of the adjoint representation of the gauge group and for SU (N C ) one has t 2 (A) = N C . Then, as we have shown in 13 , ∆ = 1 16
Substituting eq. (15) into eq. (13) after summing upon i and assuming the strong form for the rest of the equation, i.e. taking away the functional average sign, one gets
c Following Polchinski, we have gone over to the momentum representation which is the main result in 13 . One can explicitly separate from S M the contribution of the anomalous term by introducing the "normal" part of the action,S M ,
It satisfies Polchinski's equation (without the anomalous term ∆)
The variation of the gauge coupling constant
As it has been argued in 13 , one expects the contribution of the anomalous part to
. Thus, at low energies, one may read off the variation of the gauge coupling constant from ∆, eq. (15) 1
This is the variation of the "holomorphic" gauge coupling constant. One can go over to the more conventional canonical representation by rescaling all the superfields by the canonical gauge coupling, i.e.
, and, of course, taking into account the effect of Konishi anomaly in such a transformation. We refer to 8 for the details and simply quote the result
Eq. (20) is the celebrated Novikov-Shiffman-Vainshtein-Zakarov (NSVZ) exact expression of the β-function in N = 1 SYM.
The infinite-M 0 limit
The conventional infinite-M 0 limit is defined by the conditions M 0 → ∞ and g(M 0 ) → 0 in such a way as to keep the dynamical cutoff Λ = M 0 exp − fixed. According to eq. (19), Λ is the value of M at which g(M ) diverges. Then, again withS M ∼S M0 , one gets
In this limit, the theory is a pure N = 1 SYM.
µ = 2 case
One can trivially extend the previous analysis to the case when only two of the three chiral superfields in the N = 4 SYS get massive, i.e. one adds the mass term S
Note that S 0 M0 is N = 2 SUSY invariant, thus one expects that the original N = 4 SYM gets broken up to a N = 2 model (N = 2 SYM).
Repeating the method explained above, one obtains the analog of eq. (17) for the effective action as
whereS M again satisfies Polchinski's equation with respect to the heavy fields ϕ 1,2 . The variation of the gauge coupling constant can be obtained in the same way as before; the result for the canonical β-function is
this representing the well known fact that the β-function of N = 2 SYM is one-loop exact.
In the infinite-M 0 limit with fixed
The coefficient of such a kinematical term is completely determined by N = 2 SYM 8 .
µ = 1 case
Let us give mass to just one of the three chiral superfields in the N = 4 SYM, say ϕ 1 . Then the mass term reads S
The effective action is defined by
whereS M is now contributed by the chiral kinematical terms 3 i=2 ϕ i e V ϕ i . In contrast with the previous µ = 2 case, the coefficients of such terms at arbitrary mass M are no more constrained by SUSY and, thus, one must write them as
Rescaling superfields so as to cancel this Z factor yields an extra contribution to the
4 Generalised RG flow
In sec. 3 we have seen that the RG flow with respect to the variation of the mass parameter is generated by the continuous FRD δϕ i = δM Ψ i (x; M ), where the generating function Ψ i is defined in eq. (6).
We have chosen S Note, first of all, the fact that in these cases the characteristic trilinear term in the N = 4 action is either linear or quadratic in the massive chiral superfields. Thus, for the µ = 1, 2 cases, it is natural to try using the following "quadratic" actions as S 0 M0
To see whether these quadratic actions generate a consistent RG flow, let us consider a generic S 0 M with both quadratic and linear couplings
where the matrices M, F and G can depend on the physical massless fields, i.e.
The RG flow is now generated by the FRD δϕ i = δM Ψ i with
Applying the above FRD to the generating functional yields
(29) One sees that S M satisfies Polchinski's equation with the anomalous term provided that the M -dependent matrices M, F and G are chosen in such a way as to satisfy
Rewriting eq. (29) in the strong form
Eq. (31) has the same form as eq. (16) except for the anomalous term which, however, in the cases of interest can be reduced to the previous case. The important difference is its initial condition: S M0 does not contain the characteristic trilinear term in the N = 4 action which has been explicitly separated and included in S 0 M and, as a consequence, it is just N = 1 invariant. We will comment further on this issue in sec. 5. 
These results can be applied to the specific examples listed at the beginning of sec. 4. In the massless sector, it is convenient to make heavy field variables, ϕ a i , i = 1, 2, a = 1, 2, undergo the following linear transformation while keeping ϕ
In terms of the new variables,
, the heavy field gauge couplings become
with V = V σ 3 . Thus the calculation of the anomaly reduces to
From eqs (41), (43) two different (independent) places: I. S 0 M0 is not N = 2 invariant and neither is M(M ; ϕ); II. Konishi anomaly is evaluated with N = 1 but not N = 2 symmetric regulator 12 . Now, N = 2 generalization of 12 has been proposed in 8 . If one followed their method directly, one would end up with an effective action of the form
which is N = 2 symmetric only if F (ϕ 2 ) is constant. As it is well known 19 , in fact, the general N = 2 symmetric action would be of the form
with f = f (ϕ 2 ).
Conclusions
As we have seen, by applying ERG techniques to mass deformed models, one arrives at reasonable results when the residual supersymmetry (after heavy fields decouple) is N = 1. This is true for both UV finite N = 4 SYM and N = 2 SQCD. Apart from the correct expression of the relevant beta functions (NSVZ and generalizations), we have obtained low energy effective actions for "massless" fields which are consistent with known results 17, 18 . It appears that the inability to construct a manifestly N = 2 symmetric RG flow in our context always causes troubles. One interpretation is that the final state the system flows into after heavy fields have decoupled, is not the pure N = 2 state but a mixture of N = 1 and N = 2 states instead 21 . At present, we do not know how to remedy such a situation by, e.g. , projecting the final state into pure N = 2.
It is not true, however, that the effective action in eq. (47) 
which is consistent with the result on N = 2 SQED in 18 (there is no instanton in SQED). It contrasts with the derivation of NSVZ beta function, in which case instanton effects need not be taken into account separately.
All these facts seem to indicate that though our method is capable of revealing part of the non-perturbative structure of low energy super gauge field theory, on the other hand there are still some important elements lacking.
One must also mention that recently a series of remarkable insights into this class of quantum field theory models -including a simple derivation of SeibergWitten results -are getting discovered by "stringists". The main techniques here are brane technology and AdS/CFT correspondence. It is left to see whether this state of affairs really means that the super gauge field theory is just a "spin off" (in the sense of E. Witten) of super string theory, or M theory.
